We study the problem of conformally deforming a manifold with boundary to have vanishing σ 4 -curvature in the interior and constant H 4curvature on the boundary. We prove that there are geometrically distinct solutions using bifurcation results proven by Case, Moreira and Wang. Surprisingly, our construction via products of a sphere and hyperbolic space only works for a finite set of dimensions.
Introduction
In this paper we use bifurcation theory to give a nonuniqueness result for a fully nonlinear, degenerate elliptic boundary-value problem involving the σ k -curvature. Our result gives the first explicit examples of nonuniqueness for k = 4, and relies on the general bifurcation theorem proven by Case, Moreira and Wang [2] . We refer to the introduction of the article [2] for a thorough account of the history of this problem in the context of nonuniqueness results for Yamabe-type problems.
Recall that the σ 4 -curvature of a Riemannian manifold is defined by σ 4 = σ 4 (g −1 P ), where P is the Schouten tensor. S. Chen [3] introduced the invariant H 4 on the boundary so that the pair (σ 4 ; H 4 ) is variational. See [2] for more details.
We are interested in the set of elliptic solutions of the boundary-value problem (1.1) σ g 4 = 0, in X, H g 4 = 1, on M in a given conformal class [g 0 ] on X and g locally conformally flat. A solution is elliptic if it lies in the C 1,1 -closure of Γ + 4 = {g ∈ [g 0 ] | σ g 1 > 0, · · · , σ g 4 > 0}. Written in terms of a fixed background metric, Equation (1.1) is a fully nonlinear degenerate elliptic PDE with fully nonlinear Robin-type boundary condition.
The Case, Moreira and Wang [2] bifurcation theorem involves the following Dirichlet problem. Suppose T 3 := ∂σ4 ∂Ai,j is positive definite. Then standard elliptic theory [4] implies that there exists a unique solution to
This is the bifurcation theorem which gives sufficient conditions to conclude that a family of solutions to (1.1) has a bifurcation instant. 
Then there exists an instant s * ∈ (a, b) and a sequence (s ℓ ) ℓ ⊂ [a, b] such that s ℓ → s * as ℓ → ∞ and for each ℓ, there are nonisometric unit volume C j,α -metrics
The function F is defined by
where g u = e 2u g. The Jacobi operator DF : C ∞ (M ) → C ∞ (M ) is defined by restricting the linearization of F to solutions of (1.2). In particular, if F (1) = 0, then DF :
The Jacobi operator DF is nondegenerate if 0 is not an eigenvalue of DF : C ∞ (M ) → C ∞ (M ). The index Ind(DF g ) of the Jacobi operator is the number of negative eigenvalues of DF g :
The instant s * in Theorem 1.1 is in fact a bifurcation instant.
Definition 1.2. Let X n+1 be a compact manifold with nonempty boundary M n := ∂X. Fix j ≥ 4 and a parameter α ∈ (0, 1). Let {g s } s∈[a,b] be a smooth one-parameter family of C j,α -matrics on X such that σ gs 4 = 0 and with respect to which M has unit volume and constant H 4 -curvature. A bifurcation instant for the family {g s } is an instant s * ∈ (a, b) such that there exist sequences (s ℓ ) ℓ ⊂ [a, b] and (w ℓ ) ℓ ⊂ C j,α such that (1) σ g ℓ 4 = 0 and H g ℓ 4 is constant, where g ℓ := e 2w ℓ g s ℓ , (2) w ℓ = 0 for all ℓ ∈ N,
In particular, if s * is a bifurcation instant for a family {g s } of metrics as in Definition 1.2, then for each ℓ ∈ N, there are nonhomothetic metrics in each conformal class [g s ℓ ] which lie in Γ + 4 , have σ 4 = 0, and have H 4 constant. Our first result is a nonuniqueness theorem on products of a spherical cap and a hyperbolic manifold. Theorem 1.3. Let (S 806 ε , dθ 2 ), ε ∈ (0, π/2), be a spherical cap, let (H 715 , g H ) be a compact hyperbolic manifold, and denote by (X ε , g) their Riemannian product. Then, up to scaling, (X ε , g) is a solution of (1.1) for all ε ∈ (0, π/2). Moreover, up to scaling, there is a sequence (ε j ) j ⊂ (0, π/2) of bifurcation instants for (1.1) for which ε j → 0 as j → ∞.
Our second result is a nonuniqueness theorem on products of a round sphere and a small geodesic ball in hyperbolic space. Theorem 1.4. Let (S 806 , dθ 2 ) be a round sphere and let (H 715 ε , g H ), ε ∈ R + , be a geodesic ball in hyperbolic space. Denote by (X ε , g) their Riemannian product. Then, up to scaling, (X ε , g) is a solution of (1.1) for all ε ∈ R + . Moreover, up to scaling, there is a sequence (ε j ) j ⊂ R + of bifurcation instants for (1.1) for which ε j → 0 as j → ∞.
One might wonder there is an infinite family of pairs (m, n) such that the Riemannian product S n × H m satisfies σ k = 0. This is shown in [2] to be the case if k ≤ 3. By running the Algcurves(genus) package in Maple, we see that the genus of {(m, n) : σ 4 (S n × H m ) = 0} is three. Thus no such family can exist.
We use Mathematica to calculate n = 806, m = 715. See details in Section 3.
Background
In this section, we recall the definition of the σ k -curvature and its essential properties.
Given
where δ j1···j k i1···i k denotes the generalized Kronecker delta,
is an even permutation of (j 1 · · · j k ), −1, if (i 1 · · · i k ) is an odd permutation of (j 1 · · · j k ), 0, otherwise, and Einstein summation convention is employed. The k-th Newton tensor of B is the matrix T k (B) ∈ Sym d with components
The positive k-cone is
, · · · , σ k (B) > 0} and its closure is
Their significance is that T k−1 (B) is positive definite (resp. nonnegative definite) for all B ∈ Γ + k (resp. all B ∈ Γ + k ) and that Γ + k and Γ + k are convex [1] . The Schouten tensor P of (X n+1 , g) is the section
where Ric and R are the Ricci tensor and scalar curvature, respectively, of g. The σ k -curvature of (X, g) is
is the musical isomorphism mapping T * X to T X and its extension to tensor bundles.
k and there is a metricĝ ∈ Γ + k conformal to g and such that g| T M =ĝ| T M . Suppose now that (X n+1 , g) is a compact Riemannian manifold with boundary M n = ∂X which has unit volume with respect to the induced metric h := ι * g. Denote by h −1 the musical isomorphism mapping T * M to T M and its extension to tensor bundles. The H k -curvature of M is
The following corollary is a consequence of Theorem 1.1; see [2] . Then ∂X s has constant H 4 -curvature for all s ∈ (0, a), and there exists a bifurcation instant s * ∈ (s 1 , s 2 ) for the family (X s , g s ).
Computations
In this section, we describe the method that we use to compute results for Section 4.
We want to find the solutions that satisfy σ 4 = 0. We use Mathematica to solve the following equation:
where A m,n is a diagonal matrix with entries −1 and 1. The number of negative eigenvalues is m and the number of positive eigenvalues is n.
Here is a full list of solutions in terms of (m, n) which satisfy σ 4 = 0 when m < 10000: We also consider all solutions (m, n) which satisfied σ 5 = 0. Excluding the trivial solutions, namely m = n, this is the full list of solutions when m < 1000:
(1, 2), (1, 3), (1, 9) , (3, 7) , (3, 14) , (14, 22), (22, 45), (28, 39) (133, 156)
In the context of Theorem 1.3 and 1.4, we restrict our attention to pairs in (3.5) with n + m strictly greater than 8 because of nonuniqueness results for the σ kcurvature [5, 6, 7] . We also look for pairs which satisfy the ellipticity condition σ k ≥ 0, k < 4. The only such pair is (715, 806). We use this pair to compute everything in the rest of our paper. Given a diagonal matrix B, we let B(i ℓ ) be the entry on the (i ℓ , i ℓ ) component. If B and C are simultaneously diagonalized, then
Here are the computations that are relevant for the rest of the paper. We are interested in two cases, one is where we remove a negative eigenvalue, the other one is where we remove a positive eigenvalue. A (m, n)-block diagonal matrix is an (m+n)×(m+n) matrix with an m×m block λI m in the upper left, an n × n block µI n in the lower right, and zeros everywhere else. We denote such a matrix by λI m ⊕ µI n . Lemma 3.1. Suppose B is the (m, n − 1) matrix obtained from A m,n by removing the last column and last row, and suppose C is the (m, n − 1) block diagonal matrix with (λ, µ) = (0, κ). Then
Proof. We perform the above calculations by counting k, ℓ from equations (3.6) and (3.7) where ℓ is the number of eigenvalues we get from B and k − ℓ is the number of eigenvalues we get from C. 
Proof. We perform the above calculations by counting k, ℓ from equations (3.6) and (3.7) where ℓ is the number of eigenvalues we get from B and k − ℓ is the number of eigenvalues we get from C.
Proofs of Theorem 1.3 and Theorem 1.4
We begin by considering the interior geometry of certain Riemannian products. Moreover,
Proof. Let e 1 , · · · , e 806 be a basis for T p M and f 1 , · · · , f 715 be a basis for T q H. Then at (p, q) ∈ M ×H, with respect to the basis e 1 , · · · , e 806 , f 1 , · · · , f 715 of T (p,q) M ×H,
The computations of σ 4 and T 3 readily follow.
4.1.
Products of a spherical cap and a hyperbolic manifold. In this subsection we apply Corollary 2.2 to products of a spherical cap and a hyperbolic manifold with sectional curvature 1 and −1, respectively. Note that this normalization ensures that the product is locally conformally flat. Our first task is to study the geometry of the boundary of these products. Combining these formulae with Lemma 3.2 yields the claimed conclusions for H 4 and S 3 .
Here is the proof for Theorem 1.4.
Proof of Theorem 1.4. Applying Lemma 4.3 to (X ε , g) implies that, up to scaling, (X ε , g) is a solution of (1.1) for all ε ∈ (0, π/2). Lemma 4.3 further implies that there are constants c 1 , c 2 > 0 such that ι * S 3 = c 1 ε −5 g H + O(ε −3 ) and H 4 = c 2 ε −7 + O(ε −5 ) as ε → 0, where ι : S 806 → ∂X ε is inclusion map. Let π : X ε → S 806 denote the projection map. As noted in [2] , for all φ ∈ C ∞ (S 806 ), the extension v φ of π * φ to X ε by (1.2) is of the form v φ (p, q) = f (r(q))φ(p).Therefore T 3 (η, ∇v φ ) = O(1) as ε → 0. Thus DF g (π * φ) = π * [−δ dθ 2 ((ι * S 3 )(∇φ)) − 7(ι * H 4 )φ] + O(1).
for all φ ∈ C ∞ (S 806 ). It follows that the index of DF tends to ∞ as ε → 0. Corollary 2.2 then yields, up to scaling, the existence of the sequence (ε j ) j of bifurcation instants.
